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Abstract 



Feynman's functional formulation of statistical mechanics is used to study the renor- 
, malizability of the well known Linear Chiral Sigma Model in the presence of fermionic 
r-| , fields at finite temperature in an alternative way. It is shown that the renormalization 



conditions coincide with those of the zero temperature model. 
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The advent of ultrarelativistic heavy ion coUisions has given to finite temperature 
field theory (FTFT) a special task, since this kind of experiment may reveal a new state 
of matter which is the quark-gluon plasma. The question of what happens with the 
properties of the particles at non-zero temperature (immersed in a thermal medium) is 
one of the most important topics of FTFT. There have been important contributions in 
the area, mostly contend a field theoretical questions such as the derivation of particle 
properties. Some examples of this research subject through the last three decades can 
be found in [p]-[TO|| . On the other hand, the inclusion of temperature in effective models 
has gained importance not only in the context of hadron physics, but also in cosmology 
and astroparticle physics for which a knowledge of the behavior of hadronic masses with 
temperature are most relevant. 

Derivations of the pion and sigma meson masses as well as the condensate as a function 



of temperature have been given both from a phenomenological [O as well as a theoretical 



point of view |jT2| . An immediate question arises as to the eventual modifications intro- 



duced by the boson coupling to fermionic degrees of freedom. The first issue of concern 
about the inclusion of fermions is the presence of infinities which will arise. How do they 
appear in the Feynman's functional formulations of statistical mechanics? It is known 
that the chiral fermion meson model |]13[ is renormalizable at zero [|14|,|15[ and finite tem- 



perature |lT6|Jl^ . In the early study of the renormalizability of the linear sigma model at 



finite temperature presented in ref []I6[, it is shown that the renormalization conditions 
are the same as for the zero temperature case. We will show here in this reinvestigation of 
the well studied chiral fermion-meson model that this is also the case for its " bosonized 
" version. It is often emphasized that it is enough to renormalize the model at zero 
temperature since finite temperature does not introduce any new UV divergences to the 
theory. Namely, the zero temperature counter terms i.e., with the vacuum parameters. 



are sufficient to take care of the divergences at finite temperature as well. However, it 
is well known that the perturbative expansion breaks down at finite temperature. That 
is, in higher order diagrams (where powers of the temperature over the intrinsic mass, 
T /m, increase making these diagrams larger than the lower ones at high T) or in the- 
ories with spontaneous symmetry breaking, there is the necessity of a resummation or, 
in other words, a sum of an infinite subset of diagrams. The reliability of perturbation 
theory can be recovered with such a resummation. In these " resumed " theories the 
counter terms need also to suffer the resummation if one wants achieve renormalization 
satisfactorily. This is because the mass which multiplies the divergence will acquire a 
temperature dependence through the gap equation for the mass. When the resummation 
is done consistently, the theory can be renormalized since the resumed temperature de- 
pendent counter terms have the same structure as in the ordinary perturbation theory 
|T^,|T^. However, in ordinary perturbation theory at finite temperature to leading order, 
renormalization can be employed in the conventional fashion, as is the case in this work. 

The Lagrangian density of the chiral linear sigma model is given by 

C = 4,(^^,Y - gV^)^ + l(9,y.)(9'^y.) - ^(^' - f'^r, (1) 

where if = {a, if) and F = (1, i'y^r) contain the chiral mesonic fields and their coupling to 
the fermionic fields respectively, A and g are positive coupling constants and /^ is the pion 
decay constant in vacuum. Next we notice that a convenient way to write the Lagrangian 
is in terms of an hermitean operator: 

h^^ + gpr^, (2) 

t 

where /3 and a are defined in terms of the usual Dirac Matrices 7^^ = (/?, 7), such that: 



/3 = 7°, (3) 

a = P^. 

Then, written in terms of h and t = it the Lagrangian becomes 

where idt = —dr and Ce is the Euchdean Lagrangian. We note that in this Euchdean 
metric, we have g^^ = g^i^ = I and consequently x^ = x^ = (r, r) and 7^^ = 7^ = («/3, 7). 
As is well known, given the Lagrangian of a system with Euclidean metric the quantum 
partition function is given by 

Z = Tr e-^" = [v{^*)V{tlj)V{ip)e'^^^''^'''\ (5) 



where (3 in (^) is the inverse of the temperature T and 

f/3 



iS = -j dr j (fr Ce- (6) 

We can immediately integrate out the fermionic fields 

V{i)*)V{ij) exp - f dr f dh- tp\dr + h)^ 

= det{dr + h) = exp Tr \og{dr + h). (7) 

The meaning of the trace operation should be well understood; to the fermions in 
the discretized space-time are attached two indices i and s, ipis = ipsif^ijTi)- The index s 
stands for all four Dirac indices, the isospin indices etc. In this case we define the matrix 
[dr + ^)isjs' through the expression 

r dr I d'r ^t(5, + h)^=Y: 4s (dr + /^)..,,v ^,/, (8) 

isjs 

SO that we have the equivalence among the three expressions 



Tr log(9. + /^) = E [log i^r + h)] 

is 



with 



j drJd^rY, {rr\ [\og{dr + h)]ss |rr) 

J2 {kuj\ [\og{dr + h)ls IM, (9) 

k,uj,s 



m = ^ e-- (^-) = ^ e-. (10) 



where k are discrete periodic momenta and uj the usual Matsubara frequencies. So 
Tr log((9T- + /i) is a trace of the operator dr + h in the one fermion state space where the 
operator in question acts. 

The integration over the fermions yields an effective action iSeffi^p) which will depend 
only on the chiral fields if. 



Z= fv[^]e''^^ff^^\ (11) 



where 

r/3 



iSeffiif) = Tr log(a, + h) - I dr f d\ C{^) = (12 



y^Jd'r |-tr [log(9. + h)] + ^-{d.^r + ^(v.2 - f^f^ ^ - J d'rC,jf{^), 

where in the above expression we have defined tr log{dr + h) = J2s ^og{dr + h)ss, J d'^r = 
Jq dr J d^r and 

^effiv) = -tr [log(9. + h)] + ^-{d,^r + ^{^' - flf. (13) 

The trace is over Dirac and isospin matrices. An explicit calculation of the term tr \og{dr+ 
h) reveals the presence of infinities. We proceed thus to renormalization for that purpose. 
We develop the effective action around the point we call the physical vacuum: 



<^o=(/., 0,0,0). (14) 

Since detA = detA, where A is a given operator, with A = C A C^^ = ±A [C = 27^/? 
is the charge conjugation matrix in the Dirac representation [[18|), we have 



1 
tr log{dr + h) =tr log{-dr + h) = -tr log{-dr + h){dr + h) = (15) 



tr \og{-dl + g^^^ + igr{d,^)T) 



Here we write 



-dl + g^^^ + igr{d,v)T 

= -dl + g^vl + g\^^ - ^l) + igi^{d,^)T 

= G,' + V, (16) 

with the "unperturbed propagator" defined as 

Go' = -dl + gVo = -dl + 9'fl (17) 

and the "perturbation" 

V = g'{^'-^l)+tgYid,^)r 

= g^^cr' + 7f2 - /2) + zgrid.a) - gi,r{d,n) ■ r. (18) 

Note that Go, the unperturbed or the free particle propagator, which acts in the one 
fermion state space has the form of a boson propagator with a gf-,^ mass. It is also 
important to remark that the perturbation V is not a power of the coupling constant g, 
but proportional to the amplitude (p = Lp — Lp^, the deviation of the field with respect to 
its vacuum value. We can thus interpret what has been done as a bosonization in the 
fermionic one loop approximation. The propagator Go is diagonal in the plane wave basis 
we have defined 



G^lkus) 



P + g^fl - ^2 



\kujs) 



el-uj^ 



\kujs), 



(19) 



with Cfc = Jk"^ + g'^fl 



The Lagrangian related to the effective action, eq.(12), can be rewritten as 

C-efA^) = -\ tr [log (Go^^ + V) + \{d,^f + ^(^^ - f'^f] 

= -\ tr [log (1 + G,V)\ + \{d,^f + -y - Jlf ^\tr log Go- 



(20) 



The last term is an infinite constant and may be neglected. Now the first term can be 
developed as 



- 1 tr [log(l + G^V)\ = -hr GoV + ^tr {GoVf - hr {GoVY 



(21) 



Let us explicitly evaluate the first term of the above equation in the effective action 
^ fd^r tr GqV = -]- Tr G^V = AyY. {^ujs\GQV\kujs) 

(22) 



kujs 
1 „ _ / 1 ^ 1 

2 



.rrV-I^Ejr.^. 



For the sake of renormalizability, in the calculations which follows we will be concerned 
only with the temperature independent (divergent) terms. The sum over lo yields |jl^ 






+«°° dw 



2ni el — vfi 



dx 



271 el + x^ 2ek 



(23) 



The sum over k will diverge and it is done looking at the limit i7 ^ cxd 

Q /-A 

y^ = lim - — rT:4:TT / k'^dk, 
Y ^^°^ (2vr)3 io 

and analyzing the behavior for A ^ oo 



(24) 



n^ek (27r)3 Jo VA;2 + m 



zdk 



1 m'^ 
2^T 



1 m 



27r2 2 



\m/ \m J 2 



sinh2x 



-S, 



X 



A^oo 



(25) 



where m = gf^^, ^ = sinhx and x = log ( ^ + \/ 1 + ^ ) • The coefficient in brackets is 
therefore 



We can therefore write 



^A^oo 



1 m 
2^T 



A\2 /2A 

— -log — 
mj V m 



-^^ 



(26) 



^TrGol^ = -ai(A)|rfV(7(^2_^2)^ 



(27) 



where ai(A) 



*A^oo 



A^. We could had guess this behavior, since TrGoV ~ / 



dffc 

A;2 



A2. 



The next term in the expansion contain Gq ~ pr so that Tr{GoVY will have a loga- 
rithmic divergence. The other terms will be finite and therefore we need not worry about 
them. Let us then proceed to the evaluation of the second term in the r.h.s. of eg. (pT]) : 

^ j d'rtr{G,Vf = ^Tr GoVGoV =^Tr G'^ + \Tr [Go, Vf 

= Tr (GlV) + \Tr Gl [V, G,'] Gl % G-,\ (28) 



Tr G^yGoV = Tr G^V^ + -Tr G^ [V, G^^ 

+ \TrGl[[V,G,'],G,'] + ... 



(29) 



We thus have 

1 1 ^ {kooSlV'lkujS) , 1 ^ {kujS\[V,Go']'\ku;S) , 

-1 r Goi/Goi/ - 7 2^ — ^2 — r:^ — + 9 i- ~ ~ + ••• 



4 



kiuS 



el — uj^ 



kuiS 



[el - cor 



^-Tr V^ I ^ 



E 



_J \ , 1 V {kujS\[V,Go']'\kuS) 

2 _ , ,2\2 "^ o Z^ ' " '^-' + 



,2\i 



(30) 



4"" ■ v/?^tr(4-^T; st^s i^-u^'Y 

The second term in eq. (|30|) will be finite as can be easily checked by power counting. For 
the first term we have 






4: el 



(31) 



Now [in 



fiY4 ~ (2^0^ ^ Jo (P + m2)3/2 

1 /. /2A\ \ „ /m^ 



log - -1+0 TT- (32) 



We can thus write, in analogy to eg. (p^) 

-Tr{GoVy = a2(A) f d^r [^^((^^ - i/^f + ^^(<9/,(^)2] + finite contributions, (33) 

where now a2(A) — ^a^oo log (^). 

Having identified the divergent part of the effective Lagrangian we can add counter- 
terms which will cancel the divergences and which will be of the form of terms already 
present in the Lagrangian. Consider then 

^eff = co + -tr log Go + -d^v^ + a2{K){d^vfg'' + C2{v^ - fl) 

- a,{k)g\^' - fl) + C4(^^ - flf + a,{K)g\^' - flf. (34) 

We next introduce changes in the parameters Cq, C2 e C4 on the one hand and proceed to 
a redefinition of ip, g and /^r as follows 

1) Co is chosen so that cq + \tr log Go = 0. 
This choice is equivalent to defining the zero in energy scale and the vacuum will have 
zero energy. 



2) The redefinition of y?: 



^ ^ '^« = 7r+15F "■ "" 



Thus the third and fourth terms in eq.(|3^) becomes 



\{d,^f + a2gHd,ipf-^\{d,ipf. (36) 



This is the field renormahzation. Also, accordingly 



^" ~" ^^ v/rT2^^"' ^^^^ 



and 



3) Also, in order to maintain the form of Gq^ = —d'l + g'^ f"^ we need to redefine the 
coupling constant 



g-^gR = ^l + 2a2g^ g. (39) 

4) The coefficient C2 is chosen so that 

C2 - ai gl = 0. (40) 

5) The coefficient C4 is chosen so that, for a given A , one has 

(C4 + a, 4)(^^ - f^^r = ^{^l - fl^f. (41) 

The renormalized lagrangean is then given by 



Ceff{^) = -\ tr log (1 + GoV) + ^trGoV-^ tr GlV 



2t/2 



+ \{d,VR? + \{vl-flHf- (42) 

Summarizing, we have shown that the " bosonized " Lagrangian was rendered ultra- 
violet finite with no necessity of introducing new parameters to the theory [Q. The 
partition function Z remains thus finite and the counterterms needed are the same as in 
the usual zero temperature renormahzation schemes. The effective meson Lagrangian (^2]) 

10 



gives an effective action which is a finite functional of if. The physical " memory " of the 
fermion-meson interaction is totally contained in the finite parts of —\tr log (1 + GqV) 
that are —\tr (GoV^)^ + \tr {GqVY + •••• These terms will enter in the potential energy 
density part of — |i In Z. From Z all important information concerning the thermodynamic 
macroscopic properties of the effective system in equilibrium can be obtained. 
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